Let X ⊂ P n , n ¿ 6, be an irreducible non-degenerate curve and f : X → P 2 its general plane projection. Set Z := Sing(f(X )) \ f (Sing(X )) and z := card(Z). If n 6 7 assume z ¿ 25. Here we prove that the monodromy group of the generic apparent singular set Z is either the alternating group on z elements or the full symmetric group on z elements.
Introduction
A very classical topic is the study of the singularities of a general plane projection of an irreducible non-degenerate curve X ⊂ P n (see the introduction of [1] for its relation to adjoint theory). Let G(n − 2; n + 1) be the Grassmannian of all (n − 3)-dimensional linear subspaces of P n . There is a Zariski open non-empty subset A(X ) of G(n−2; n+1) such that V ∈ A(X ) if and only if V ∩ X = ∅. For every V ∈ A(X ) the linear projection P n \ V → P 2 from V induces a morphism f V : X → P 2 . There is a Zariski open dense subset B(X ) of A(X ) such that for every V ∈ B(X ) the morphism f V is birational and the set Z V := Sing(f(X )) \ f(Sing(X )) has a ÿxed number of elements, say z, all of them of the same type. The closure of the union of all the tangent lines to smooth points of X has dimension 2. Hence, in arbitrary characteristic for a general V ∈ A(X ) the morphism f V has non-zero di erential at every smooth point of X . Thus, unless a general secant line of X is a multisecant line, for a general V every point of Z V is an ordinary node of f V (X ). For a discussion of when the general secant line of X is not a multisecant line, see [7] ; for instance, this is the case in characteristic zero ( [4] or [7] , Lemma 1.1 or Corollary 2.2) or if n ¿ 4 and X is smooth. Set T := {(V; P) ∈ B(X ) × P 2 :P ∈ Z V }. The projection B(X ) × P 2 → B(X ) induces a ÿnite map T → B(X ) whose ÿbers have cardinality z. Hence, the quotient ring K(T ) of T is a ÿnite extension of the ÿeld K(B(X )) of rational functions of G(n − 2; n + 1); if (as in our situation) T is irreducible, the ring K(T ) is a ÿeld. Anyway, even without assuming the irreducibility of T (which is true in our situation by the case t = 1 of Lemma 1, below) and the separability of the extension K(T )=K(B(X )) it is deÿned a Galois group G of the normal extension of K(T )=K(B(X )). We work over an algebraically closed ÿeld K with arbitrary characteristic. If K is the complex number ÿeld there is an interpretation of G as a monodromy group ( [3] or [7] , Remark 1.4). In the general case G may be seen as a permutation group on the set of z elements. In this note we prove the following result:
, be an irreducible non-degenerate curve and f : X → P 2 its general plane projection. Set Z := Sing(f(X )) \ f(Sing(X )) and z := card(Z). If n 6 7 assume z ¿ 25. Then the monodromy group of the generic apparent singular set Z is either the alternating group on z elements or the full symmetric group on z elements and in particular it is (z − 2)-transitive.
As an immediate corollary of Theorem 1 we obtain the following result (see [7, 2, 5] or [6] for the deÿnition of Uniform Position Property and for its cohomological applications). Corollary 1. Let X ⊂ P n , n ¿ 6, be an irreducible non-degenerate curve and f : X → P 2 its general plane projection. Set Z := Sing(f(X )) \ f(Sing(X )) and z := card(Z). If n 6 7 assume z ¿ 25. Then Z has the Uniform Position Property.
Theorem 1 is the case m = 1 of the following result: Theorem 2. Fix an integer m ¿ 0. Let X ⊂ P n , n ¿ 2m + 4, be an irreducible nondegenerate m-dimensional variety and f : X → P 2m its general linear projection. Set Z := Sing(f(X )) \ f(Sing(X )) and z := card(Z). If n 6 2m + 5 assume z ¿ 25. Then the monodromy group of the generic apparent singular set Z is either the alternating group on z elements or the full symmetric group on z elements and in particular it is at least (z − 2)-transitive.
The proof of Theorem 2 is very elementary and assuming m = 1 will not simplify it: it just uses that the symmetric product S 2 (X ) of X is irreducible, i.e. that the secant variety of X is irreducible. We do not have any counterexample to the previous results in the few numerical cases excluded in the statements of Theorems 1 and 2. We feel that no such example exists.
The proofs
As explained in the references [2, 5] and [6] quoted in the introduction, Corollary 1 follows immediately from the statement of Theorem 1. Lemma 1. Fix integers t ¿ 1 and m ¿ 1. Let X ⊂ P n , n ¿ 2m + t, be an irreducible non-degenerate m-dimensional variety and f : X → P 2m its general linear projection. Set Z := Sing(f(X )) \ f(Sing(X )) and z := card(Z). Then the monodromy group of the generic apparent singular set Z is least t-transitive.
Proof. Since X is irreducible, its symmetric product S 2 (X ) is irreducible. This gives the case t = 1 of the lemma. Assume t ¿ 1 and the result true for the integer t − 1. Fix t + 1 general pairs of points of X , say {P i ; Q i }, 1 6 i 6 t + 1, and call D i the line spanned by P i and Q i . Since the symmetric product S 2 (X ) is irreducible, there is a family of secant lines D( ), ∈ , parametrized by an irreducible a ne curve and with D t = D( ), D t+1 = D(ÿ) for some ; ÿ ∈ . Fix general points A i ∈ D i and A( ) ∈ D( ) (depending continuously on ∈ : this may be done taking instead of a suitable quasi-ÿnite ramiÿed covering of ) and with A( ) = A t , A(ÿ) = A t+1 . Fix a general linear subspace W of P n with dim(W ) = n − 2m − t − 1. Let V ( ) be the linear subspace of P n spanned by W , A i for 1 6 i 6 t − 1, and A( ). Restricting if necessary we may assume dim(V ( )) = n−2m−1 because W and the pairs {P i ; Q i }, 1 6 i 6 t + 1 are general. Restricting if necessary we may assume V ( ) ∩ X = ∅, that V ( ) intersects transversally the secant variety of X and that the family of projections associated to V ( ) have exactly z new apparent singular points. Call Z( ) the apparent singular set of V ( ). The family of projections f V ( ) induces an element of G which ÿxes t−1 elements corresponding to the images of {P i ; Q i }, 1 6 i 6 t−1, and permutes the images of {P t :Q t } and {P t+1 :Q t+1 }. Hence G is at least t transitive.
Proofs of Theorems 1 and 2. By Lemma 1 G is at least 6-transitive if n ¿ 2m + 6 and at least 4-transitive if n ¿ 2m + 4. By the classiÿcation of all 4-transitive ÿnite permutation groups (see [7, Theorem 2.4] ) we obtain the thesis.
